In this paper, we present a method for solving time varying fractional optimal control problems by Bernstein polynomials. Firstly, we derive the Bernstein polynomials (BPs) operational matrix for the fractional derivative in the Caputo sense, which has not been undertaken before. This method reduces the problems to a system of algebraic equations. The results obtained are in good agreement with the existing ones in open literatures and the solutions approach to classical solutions as the order of the fractional derivatives approach to 1.
Introduction
Although the optimal control theory is an area in mathematics which has been under development for years but the fractional optimal control theory is a very new area in mathematics. Recent contributions in this field were reported by several authors [1] [2] [3] [4] .
In this paper, we consider the time varying fractional optimal control problem as follows:
  are the state function and the control function, respectively. When 1   , the above problem reduces to a standard optimal control problem.
The rest of this paper is as follows. In Section 2, we present some preliminaries in fractional calculus. In Section 3, BPs are introduced and then we approximate functions by using BPs and we show the properties of BPs by several Lemmas and corollaries. We make a new operational matrix for fractional derivative by BPs in Section 4. In Section 5, we apply BPs for solving time varying fractional optimal control problems. In Section 6, numerical examples are simulated to demonstrate the high performance of the proposed method. Finally, Section 7 concludes our work in this paper.
Some preliminaries in fractional calculus
In this section, we give some basic definitions and properties of the fractional calculus which are used further in this paper. 
we see the following properties
Bernstein polynomials and their properties
The Bernstein polynomials (BPs) of mth-degree are defined on the interval ] 1 , 0 [ as follows: 
Proof. Using binomial expansion of
, and
. Then, we can find the unique vector
Corollary 3.4. In lemma 3.3, we have , ,
is an arbitrary vector. The operational matrix of
using BPs can be given as follows: (14) we can write 
and therefore we obtain the operational matrix of product .
BPs operational matrix for fractional derivative
In this section, we obtain the operational matrix for the fractional derivative. We can write
where  denotes the convolution product.
By (12) we obtain 
BPs for solving time varying fractional optimal control problems
Using Lemma 3.3, we can approximate the functions as follows: by (25) and (27) we can write 
Also by Lemma 3.5 for (33) we have
Now, by using tau method [10] we can generate algebraic equations from (36) as follows
and from (34) we set
. Finally, the problem (1)- (3) has been reduced to a parameter optimization problem which can be stated as follows:
subject to the system of algebraic equations
For solving the above problem we use the Lagrange multipliers method. So, we define Lagrange function for the problem (38) and (39) as follows:
is the unknown Lagrange multiplier. Now, we consider the necessary conditions for the extremum and obtain the following systems of algebraic equations
Equations (41) 
Numerical examples
To demonstrate the applicability and to validate the numerical scheme, we apply the present method for the following examples. Table 1 
Conclusion
In this work, by Bernstein polynomials we obtained operational matrices of the product and fractional derivative. Then we reduced the time varying fractional optimal control problem to a system of algebraic equations that can be solved easily. We saw that the obtained results in examples were in good agreement with the exact solution and approximate solution of other methods. Also, we observed that the solutions for the fractional optimal control problems approach to the solutions for standard optimal control problems as the order of the fractional derivative approaches to 1.
